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Abstract - We use an important decoupling property of gravitational field equations in the 
general relativity theory and modifications, written with respect to nonholonomic frames with 2+2 
spacetime decomposition. This allows us to integrate the Einstein equations (eqs) in very general 
forms with generic off-diagonal metrics depending on all spacetime coordinates via generating 
and integration functions containing (un-)broken symmetry parameters. We associate families of 
off-diagonal Einstein manifolds to certain classes of covariant gravity theories which have a nice 
ultraviolet behavior and seem to be (super) renormalizable in a sense of covariant modifications of 
Hof ava-Lifshits gravity. The apparent breaking of Lorentz invariance is present in some " partner" 
anisotropically induced theories due to nonlinear coupling with effective parametric interactions 
determined by nonholonomic constraints and generic off-diagonal gravitational and matter fields 
configurations. Finally, we show how the constructions can be extended to include exact solutions 
for conjectured covariant reonormalizable models with Einstein- Yang-Mills-Higgs fields. 
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Introduction. — One of the main difficulties in elab- 
orating viable models of quantum gravity (QG) is that 
perturbations in the general relativity theory (GR) from a 
flat Minkowski spacetime result in non-rcnormalizable di- 
vergences from the ultraviolet region in momentum space. 
This problem is caused by the dimension of gravitational 
(Newton) constant and seems impossible to be solved for 
a unitary theory with four fundamental interactions which 
has Lorentz-invariance even some higher-derivative, spin- 
foam, loop type etc models of gravity may be renor- 
malizable, see [1-3] for reviews and references. A re- 
cent new approach to QG is based on idea [4] to con- 
struct Lorentz non-invariant theories with scaling prop- 
erties of space, x l , and time, t, coordinates considered in 
the form (x, t) — !> (bx, b z t), where z = 2, 3, ... In such cases, 
the ultraviolet (UV) behavior of the graviton propagator 
changes as l/|k| 2 — » l/|k| 2z , where k is the spacial mo- 
menta. It is possible to elaborate models of QG which are 
UV renormalizable, for instance, for z = 3 but with the 
price of introducing some terms breaking the Lorentz in- 
variance explicitly. Due to the lack of full diffcomorphysm 
invariance and, for instance, impossibility to exclude com- 
pletely certain unphysical modes, such theories where crit- 
icized in a series of works (see, for instance, [5,6]). 



In [7] , a covariant renormalizable gravity model develop- 
ing the Hof ava-like gravity to full diffeomorphysm invari- 
ance was elaborated. In such an approach, the Lorentz- 
invariance of the graviton propagator is broken via a non- 
standard coupling with an unknown fluid. Some versions 
of such theories seem to be (super-) renormalizable, when 
physical transverse modes may appear. Certain applica- 
tions in modern cosmology, with accelerating solutions and 
possible power law inflationary stage, seem to be of sub- 
stantial interest. 

The results of research in [8, 9] conclude that the grav- 
itational field eqs in GR and various modifications can 
be decoupled with respect to certain classes of nonholo- 
nomic frames. It is possible to integrate the system of 
Einstein- Yang-Mills and Higgs (EYMH) eqs in very gen- 
eral forms. For such solutions, the generic off-diagonal 
metrics can not be diagonalizcd via coordinate transforms 
and depend on all spacetime coordinates via corresponding 
generating and integration functions and possible (broken, 
or preserving) symmetry parameters. Choosing necessary 
types of such functions and parameters, via corresponding 
deformations of frame, metric and connection structures, 
and imposing non-integrable (nonholonomic) transforms, 
we can model effective nonlinear interactions, with scaling 
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properties and local anisotropics, which can be renormal- 
izable. 

We start our constructions with a set of actions ^'S = 
-3 / d 4 Uy^\g\ M>C on a four dimensional (4-d) pseudo- 
Ricmannian manifold V for Lagrangian 

W£ = S R-A = M£= S R + L = ®£ 

= R + L(T^,R^) = W£ = f(e). (1) 

In our works, we use left up and low labels to geomet- 
ric/physical objects which may have the same coefficients 
in a system of reference but subjected to different types 
of eqs for certain analogous/effective theories. All terms 
in such formulas are stated by the same metric structure 
g = {gap} for standard and/or modified models of grav- 
ity theory generated by different (effective) Lagrangians 
when curvature scalars ( S R 1 S R, R, R), cosmological con- 
stant A, non-standard coupling of Ricci, i? M „, and energy- 
momentum, T Miy , tensors via L(...) and F (...) etc. The 
above values and other possible constants and terms are 
such way postulated that M>C is used for constructing gen- 
eral classes of generic off-diagonal solutions in GR [8, 9] 
but I 3 1 £ is of necessary type to get a covariant renormal- 
ization gravity as in [7]. For corresponding conditions on 
F the value W£ is related to modified theories [10]. To 
study QG models, the spacetime metric for theories de- 
rived from I 3 l£ and/or t 4 '£ will be taken, for simplicity, 
of type °g Q ^ = r) a p + h a /3 for perturbative models with 
flat background i] a p. Such solutions are with breaking of 
Lorentz symmetry and, for well stated conditions, result 
into effective models with covariant rcnormalization. Us- 
ing frame transforms g Q( g = e a a e?p °ga'/3'0 we shall search 
for classical and quantum perturbative solutions for the 
theories determined by W>C, or ^C. 

In this paper, we show how to construct off-diagonal 
solutions in GR (in general, with nontrivial effective 
anisotropic polarizations of cosmological constants), when 
in a theory for there are modelled effects with bro- 
ken Lorenz invariance, non-standard effective anistoropic 
fluid coupling and behavior of the polarized propagator in 
the ultraviolet /infrared region. Such effects arc derived 
to be similar to those for some (super-) rcnormalizablc 
theories and/or ^S. The solutions for will be 
used as " bridges" between generating functions determin- 
ing certain classes of generic off-diagonal Einstein man- 
ifolds and effective models with anisotropics and result- 
ing violations for Lorentz symmetry. We state the condi- 
tions when the Einstein eqs transform nonlinearly, by im- 
posing corresponding classes of nonholonomic constraints, 
to necessary types of effective systems of partial differen- 
tial eqs (PDE) with parametric dependence of solutions 
which under quantization "survive" and stabilize in some 



1 we label local coordinates and u a = (x l ,y a ) — ¥ u a = 
(x l (u a ), y a (u a )), for indices k, ... = 1,2 and a, b, c, .. = 3, 4 (in 
brief, we write u = (x,y),u' = (x',y')); the Einstein rule on sum- 
mation on repeating "up- low" indices will be applied if a contrary 
statement will be not emphasized 



rescaled/anisotropic and renormalized forms. Finally, we 
shall generalize the constructions for exact and approxi- 
mate anisotropic solutions for generic off-diagonal EYMH 
systems and their covariant renormalizable models. 

Decoupling property and formal integration of 
Einstein eqs. — We briefly review the anholonomic de- 
formation method of constructing off-diagonal exact so- 
lutions in the GR theory and modifications [?, 9]. Any 
spacetime metric can be parametrized in a form 



g p(u)du a ® dvP = g a (u)e a 
gij e ® e J + g ab e ® e , 



Lad 



+ N?N b jgab N]g ae 



N?g be 



.1 ■' 

9ab 



(2) 
(3) 



= [ei = d/8x % - N°(u)db, e a = d a = d/dy a ], (4) 



= [e J = dx' , e b = dy b + N b (u)dx l \. 



(5) 



We associate the coefficients N = {Nf(u)} to a 2+2 
splitting of V stated explicitly for the tangent space 
N : TV = hV © vV for a non-integrable (nonholonomic) 
distribution with conventional horizontal, h, and vertical, 
v, subspacesH The decoupling property for the Einstein 
eqs and their solutions can proved for any metric g @ 
and parametrization with " non- under lined" (in general, 
depending on variables (x l ,y 3 )) and "underlined" multi- 
ples (in general, depending on variables (x l ,y 4 )), 



= g l (x k ),g a = ui 2 (x l ,y c )h a (x k ,y 3 )h a (x k ,y 4 ), 



(6) 



Nf = w,(x k ,y 3 ) + w i (x k ,y 4 ),N* = rii(x k ,y 3 ) + n i (x k ,y i ). 



Such functions of necessary smooth class have to be de- 
fined in a form generating solutions of Einstein eqs. A 
conformal w-factor ui( y x l ,y c ) may depend on all coordi- 
nates. We may simplify substantially the constructions if 
we take lo — h a — 1 and Wi = Jh = resulting in generic 
off-diagonal metrics with Killing symmetry on d/dy 4 . 
There will be used brief denotations for partial derivatives: 
a' = da/dx 1 ,^ = da/dx 2 ,a* = da/dy 3 ,a° = da/dy 4 E 

The system of Einstein eqs derived for the first action in 
(JTJ) , where the Ricci tensor R a p is computed for (JS|), can 
be transformed equivalently into a system of PDE with 



2 Such a conventional decomposition can be performed addition- 
ally/alternatively / in parallel to the well known 3 + 1 splitting and 
Arnowit-Deser-Misner, ADM, formalism. Paramctrizations of type 
((3j are used, for instance, in Kaluza-Kelin gravity (see review [11]). 
In this paper, we consider 4— d models with nonlinear dependencies of 
N®(uP) on all coordinates and do not set compactification on some 
"extra" dimensions. 

^In this work, we restrict our constructions to some classes of 
spacetime metrics, which can be generated from a set of nontrivial 
data [gi, h a , Wi,rii] with Killing symmetry by nonholonomic defor- 
mations depending on certain small parameters resulting into general 
" non— Killing" data [gi, u 2 h a h a , Wi + w it n> + nA . In a perturba- 
tive approach to QG, we can consider that the contributions from 
quadratic terms for products of the coefficients of metrics and/or 
connections, of type T ■ T, are small for a fixed open region U C V 
endowed with normal coordinates. 
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h-v-decoupling, see details in [8,9], 
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(7) 



(8) 



(0) 



= (di - Wi) In |ft 4 |, (dk - Wk)-Wi = (ft - wi)w k ,(W) 
0, ftrifc = dkUi, 



w° = 0, fti£ fe = d k Wi,n° = (9, - njln I A3 1, 
e k 0J — dku — (wi + w t ) lj* — (m + rij) lj° = 0. 



(11) 



The values R" and i?^ are equal to the corresponding 
ones computed for the Levi-Civita connection if the con- 
ditions (fTU)) are satisfied. In order to exclude certain "de- 
generate" classes of solutions of above nonlinear systems of 
PDEs, we can impose the conditions ftj 7^ and 7^ 0. 
Such conditions can be satisfied always if corresponding 
frame/coordinate transforms to necessary ansatz are con- 
sidered. 

At the next step, we show that we can construct 
in general form a class of exact solutions with generic 
off-diagonal metrics determined by coefficients with one 
Killing symmetry, [gi, h a ,Wi, rii] with hi 7^ 0. For 



<l>{x k ,y 3 ) = In h* 4 /^\h 3 h 4 \ , a t = h* 4 d t (j), (3 = h* A (f>* , 

(12) 

we can write respectively the eqs j7]), ([5} in the forms, 

<j>*hl = 2h 3 h 4 A, <p* ^ 0, (13) 
f3 Wl + on = 0. (14) 

For ([9]), we must take any trivial solution given by a func- 
tion rii = rii(x k ) satisfying the conditions dirij = djrii 
in order to solve the constraints (fTU)) . Using coefficients 
(fl~2"l) with a, / and /3 7^ 0, the solution of the above 
system of Einstein eqs with arbitrary off-diagonal coeffi- 
cients for one-Killing symmetry can be expressed in the 
form determined by generating functions ip(x ), 4>(x k , y 3 ), 
<fi* 7^ Q,n.i(x k ) and h 4 (x k , y 4 ), and integration function 
°(f>(x k ) following recurrent formulas and conditions, 

d l (j) 



±<*£, ft 4 = T 4e^ 
4A 4A 



In the above formulas, we should take respective values 
€1 = ±1 and ± in (fl~5j) in order to fix a necessary space- 
time signature. The generating/ integration functions 



may depend also on arbitrary finite sets of parameters 
6 = ( 1 0, 2 #, ...) at we found in Ref. [?, 8]. In general, 
such parametric functions are of type ip(x k ,8), cj)(x k ,y 3 , 9) 
etc and their explicit form have to be defined from cer- 
tain boundary /asymptotic conditions and/or experimen- 
tal data. In some limits, the resulting solutions may de- 
scribe configurations with effective broken Lorentz sym- 
metry, anisotropics, deformed symmetries etc. For sim- 
plicity, we shall not write in explicit form the parametric 
dependence of values if that will not result in ambigui- 
ties. Re-scaling the generating function <p in such a form 
that 4>* — > <fr*A for A 7^ 0, we can generate in a simi- 
lar form solutions with Killing symmetry on d/dy 3 with 
data [gi,h a ,w.ijlli\ for "rescaled" generating/integration 
functions 4>(x k , y 4 ), <j)° 7^ 0,w i (x k ), °4>(x k ), when ft 3 = 
T e%- Vfft 4 = ±(£)*,n i = -di£/f7 

We conclude that the Einstein eqs R a p = <5 Q ^A, where 
R a p is the Ricci tensor and A 7^ 0, decouple in very general 
forms with respect to N-adapted frames (HJ) and (|5|) , which 
allows us to express their solutions (up to corresponding 
frame transforms) in a form (|6j). 



eie^^ ^dx l ® dx l + cj 2 [e3(t/>*) 2 e 
eM°fe 2 ^- °«e 4 ®e 4 ], 



2 2(<4- °d>) 3 „ 3 . 

o - - e <g> e + 



(16) 

e 3 = dy 3 + - di</)/<l)*)dx\e 4 = dy 4 + (m — d i (fi/<f)°)dx t , 

where ep = ±1 fix a corresponding signature and uj is 
subjected to constraints of type (fTTj) . 

e k uj = d k io + (di(f>/(j>* - oj* + {-rii + d%<j>_/<t?) w° = 0. 

Such classes of metrics are generic off-diagonal and defined 
by corresponding sets of generating/ integration functions 
and parameters. Other classes of solutions with h\ = 0, 
or !l3 = 0, and/or A = consist some special cases an- 
alyzed in [8,9]. Physically important solutions for black 
holcs/cllipsoids, with singularities and horizons, can be 
constructed for corresponding classes of coefficients of 
metrics, generating and integration functions etc. 

Solutions mimicking non standard perfect fluid 
coupling in flat backgrounds. — The scalar curvature 
S R :— g Q/3 R.4fc derived from the Ricci tensors computed for 
ansatz g ((6j> with Killing symmetry on d/dy 4 and nontriv- 



irtl 



9i 



,Wi,n 



} is computed^ S R = -2 A 



hah a 



-4A. 



Let us state the conditions for generating functions when 
a metric g a p is defined as a solution of field eqs in theories 
for W£ and/or is also equivalent to a solution de- 
rived for [ 3 l£. Considering that L is a matter Lagrangian 
density depending only on the metric tensor components 
gap but not on its derivatives, for the energy-momentum 



(!5) tensor T, 



«5gK 



g 



//// 



we can 



4 for simplicity, hereafter, we shall use such classes of off— diagonal 
solutions even technically it will be always possible to extend the 



constructions to general ones (1161) 
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construct sources with nontriviaH T± = T$ = T(x\y 3 ) 
and T3 = T4 = A. For the field eqs derived from 
[ 2 l£ = S R + L, for the same g and S R = S R, with 
respect to N-adapted frames, the first eq from (|T2"j) and 
(flU| modify respectively as 



for Ae 2 ^ = e 2 °'t'J dy 3 \ °T| (e 2< ^)* and Wi = -|# used for 

a W£-theory. 

In the limit /3 — > (1 — TZ7)/2(3tu — 1), we can express 

°T = + 1) 2 [(9 ? 9 ? % - d % d l h^)] 2 and generate a 

class of Einstein manifolds 



VW14] = ^e -0 and 0*/^ = 2/i 3 fr 4 T 



(17) 



for a new generating function <p(x l ,y 3 ) and T(a; l ,j/ 3 ). 

The theories for MjC and are equiva- 

lent if their generating functions and sources are re- 
lated as ITI" 1 ^ 2 ^)* = A- 1 ^)*. Using this for- 
mula and solutions (|15[) . we can compute the func- 



tional dependencies /i4[0, A] = ±(4A) 1 (e 

h$,r], h 3 &r] = 



2,h 



\*12 



■fdy 3 \T\ 



e- 2 ^, when Ae 2 * = 
(we can use the inverse formula, 



* = Ajdy 3 \T\- 1 (e 2 'l')*) with °4 > (x i ) and 



e 2 * - „ 

tegration functions °<j>(x' 1 ). 

At the next step, we state the condition when a source T 
transforms a theory for into a model for ^C. With re- 
spect to coordinate frames and for a fiat background met- 
ric rj a p, we consider a generic off-diagonal metric g Q( g = 
Va/3 + h a p(x % , t), where y 3 = t is the timelike coordinate, 
with chosen "gauge" conditions h u = h^> — hq t = 0, for 

i,j,= 1,2,4 (on a manifold V, we can consider a "dou- 
ble" splitting (3 + 1) and (2 + 2)). The corresponding 
Ricci tensor and scalar curvature are 



°7?~ = -{h 
^33 



1 

2 v-,j 
1 



2 « 



We chose a generating function ^(x 1 , t), (/>* 7^ 0, when 



S R - A = -3A - f-p- = [2] C = 



3 R + L = 



WJC = 

= °R+ °L, with °L taken for °g Q/3 and an ef- 
fective non-standard coupling with a fluid configuration, 
is induced by (f> f° r a generic off-diagonal solution of the 
system (fl3|) and ((14)) . Einstein manifolds encoding fluid 
like configurations are generated if <j> contains parameters 
a, f), p, zu introduced into eqs 



4>*h% 
2/13/14 



- °L = ap 2 {[/3(3m- 1) + 
{zu + 3mf3- fi){d 7 &h 7 



%^%)} 2 . (is) 



In above formulas, we wrote °T = — °L in order to em- 
phasize that such a source is determined for a metric °g Q ^ 
and Lagrangian °L. Using this expression and formulas 
(|T5|) redefined for (|17l) . we find recurrently 
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A, 
T. 



9 3 



9 A ) p 2 and 



g = 



dx X ® dx 1 + £3 



(WI / dy*\ oT|-i(e 20 )1)* 



+ e 4 



rft/ 3 |4 



(19) 



= dy 3 — {di(f)/4)"')dx 1 ' , e 4 = dy 4 + mdx 1 , 



Such manifolds arc with Killing symmetry on d/dy 4 and 
broken Lorentz invariance because the source °T does not 
contain the derivative with respect to d/dy 3 = dt- Non- 
Killing configurations of type (fTB"]) can be constructed for 
sources °T(x l ,y 3 ) + °T (x l ,y 4 ) and nontrivial factors 
u)(x l ,y a ), as more general classes of solutions. 

The fact that such locally anisotropic spacetimes are 
not Lorentz invariant is not surprising. We have a similar 
case for the Schwarzschild - dc Sitter solutions which are 
diffcomorphysm invariant and with broken Lorentz sym- 
metry. For the class of solutions (fTOj) . in the ultraviolet 
region where momentum k is large, the second term for 
the equivalent theory ^£ gives the propagator |k| -4 . The 
longitudinal modes do not propagate being allowed prop- 
agation of the transverse one. Such a behavior is similar 
to that in a theory with non-standard coupling of grav- 
ity with perfect fluid when the energy-momentum tensor 
Tjj = p&^j = vjp&q and T33 = p (if we treat p, p and w as 
standard fluid parameters and eq of state) in the flat back- 
ground is computed for °L = -a(T a P °R a p+/3T^ °R^) 2 . 

Considering off-diagonal solutions for theories with W>C 
and/or derived for generating functions and sources of 
type (|18[) . we obtain a situation when generic off-diagonal 
interactions in gravity induce a kind of spontaneous viola- 
tion of symmetry which is typical in quantum field theo- 
ries. Using such nonholonomic configurations, we model a 
vacuum gravitational aether via analogous coupling with 
non-standard fluid which breaks the Lorenz symmetry for 
an effective equivalent theory ^C. This allows us to elab- 
orate a (power-counting) renormalizable model of QG0 

Effective renormalizable EYMH configurations 
and modified gravity. — The constructions with non- 
standard fluid coupling, effective renromalizability etc per- 
formed after (|17p were provided, for simplicity, for a 
flat background. Nevertheless, the approach can be ex- 
tended to curved backgrounds and generic off-diagonal 
gravitational-field interactions. Using the principle of rel- 
ativity we can work in a local Lorenz frame when, for 
instance, the effective fluid does not flow. This way we 
preserve unitarity and axioms of GR working with general 



6 In this letter, we do not prove explicitly the rcnormalizability 
of off-diagonal solutions but show that they can be associated/ re- 
lated to certain "renormalizable" quantum models studied by other 
authors. 
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class of solutions for theories W£ and/or ^C. Via respec- 
tive parametric dependence and nonholonomic transforms 
we mimic some models with anisotropic coupling. 

More than that, even the value °T can be fixed to not 
contain time derivatives, it will get such terms in arbi- 
trary frames of reference. As we mentioned in [8,9], the 
solutions of type ([T9"|) and p^|) in the diagonal spherical 
symmetry limit (here we include the condition T Q/3 = 0) 
contain the Schwarzschild and Kerr black hole/ellipsoid 
metrics. The analyzed models with T = °T = — °L (|18p 
result in z = 2 Hofava-Lifshitz theories. 

Let us show how in the scheme of Lagrangian densi- 
ties (HJ) we can include z = 3 theories which allows us to 
generate ultra-violet power counting renormalizablc 3+1 
and/or 2+2 quantum models. Instead of °L, we can take 
more general sources and generating functions, — = 

a{(T^ °V M °V,+ 7 T Q Q °V r) °Vg) n {T a0 ^ Q/3 + /3T Q Q °i^)} 2 , 

(20) 

where n and 7 arc constants. Introducing T = — *L in 
formulas (fT5]> in order to state a different class of generat- 
ing functions n <p from 2 £ ^ = — *L and construct off- 
diagonal solutions of type ([T9l for data <f> — y n (f>, <fi — > n <f> 
and *T — > — In general, we can consider nonin- 

teger values for n, for instance, n = 1/2,3/2 etc. If 
n is negative, we can generate non-local theories deter- 
mined by a respective off-diagonal polarization of vac- 
uum and cosmological constant in GR (the question of 
"renormalizability" is more complex for such cases). Fol- 
lowing analysis provided in [7] the analogous ' 3 '£ and M>C 
models derived for (|20[) arc renormalizablc if n = 1 and 
supcr-renormalizable for n = 2. The values induced by a 
nontrivial source/Lagrangian density *L contains higher 
derivative terms and effectively break the Lorenz symme- 
try for high energies, i.e. in UV region. In the IR, we 
positively get the usual Einstein gravity. Nevertheless, in 
our approach, GR is not only a limit from certain modi- 
fications with non-standard coupling of type (|18[) and/or 
(1201) but a model with possible "branches" of complexity, 
anisotropics, inhomogeneities and Lorentz violations de- 
pending on parameters and generating functions. Certain 
families of solutions are (super) renormalizablc because 
of off-diagonal nonlinear interactions of gravitational and 
effective matter fields. 

It is important to analyze two special cases for sources 
°L, for instance, in the fluid approximation for matter. 
We model two theories M>C and with cosmological 
constant when both w = — 1 and A / 0. This corresponds 
to diagonal solutions with T af} °R al3 + f3T% = 

when l/|fc| 4 can not be obtained for the propagator. To 
correct the model, we have to introduce additional off- 
diagonal terms. The case w = 1/3 corresponds to the 
radiation of conformal matter with divergent f3. This also 
docs no provide "good" solutions if other "anisotropic" 
contributions are not considered. 

The approach with generic off-diagonal solutions mod- 
elling effective covariant renormalizable theories can be ex- 



tended for gravitational interactions with a non-Abelian 
SU(2) gauge field A = A^e^ coupled to a triplet Higgs 
field $, see details in [8,9]. In order to prove the de- 
coupling property, we have to use a covariant operator D 
which is adapted to the N-splitting. It is not possible 
to "see" a general splitting of Einstein and matter field 
eqs if we do not consider 2 + 2 spacetime decompositions 
with such non-integrable distributions. The linear con- 
nection D is equivalent to the Levi-Civita connection V if 
the conditions (|10[) are satisfied and all computations are 
performed with respect N-adaptcd bases. In terms of D, 
such nonholonomic interactions arc described 

\us S R = 8^G ( H T ps + YM T ps ) , (21) 
D,(V\9\Fn = ^e(^) [*,D»Z], (22) 

= HV\9\)(*fo]-* 2 )^ (23) 

where the source of the Einstein eqs is 

H T ps = Tr[i(V«s$ + V/3$ V a $) - igpiVa* V Q $] (24) 
-gpiV{*), YM Tp S = 2Tr( S ^F^F Sv - ^gptF^F^). (25) 

The curvature of gauge field As is Fp^ = epA^ — e^Ap + 
ie[Ap, A M ], where e is the coupling constant, i 2 = —1, and 
[•, •] is used for the commutator. $[ ] in (|23[) is the vacuum 
expectation of the Higgs field which determines the mass 
H AI = \/A?7, when A is the constant of scalar field self- 
interaction with potential V($) = |ATr($| , - <f> 2 ) 2 . The 
gravitational constant G defines the Plank mass Mpi = 
1 /vG; the is a nontrivial mass of gauge boson, W M = ev. 

A class of diagonal solutions of the system (j2ip - (f2"3")l . 
see Ref. [12], is given by metric ansatz °g = 

°gi(x 1 )dx' ® dx l + °h a (x , x 2 )dy a ® dy a = q~ 1 {r)dr (gi dr 

+r 2 d9 ®dG + r 2 sin 2 Qdip g> dip - a 2 (r)q(r)dt <g> dt, (26) 

where the coordinates and metric coefficients arc 
parametrized, respectively, u a = (x 1 = r, x 2 = 9, y 3 = 
^,y 4 = t) and ° 9l = q-\r), °g 2 = r 2 , °h 3 = 
r 2 sin 2 9, °hi = —a 2 (r)q(r) : for q(r) = 1— 2m(r)/r — 
Ar 2 /3, where A is a cosmological constant. The func- 
tion m(r) is usually interpreted as the total mass-energy 
within the radius r which for m(r) = defines an empty 
de Sitter, dS, space written in a static coordinate sys- 
tem with a cosmological horizon at r = r c = s/3/A. An 
ansatz for solution of Yang-Mills (YM) eqs on (j21[) on a 
spherically symmetric background in GR is defined by a 
single magnetic potential v(r), °A = A 2 dx 2 + A-sdy 3 = 
^- \p{y)T\dB + (cos 6* T3 + v(r)T2 sin 9) dip], where Ti, T2, T3 
are Pauli matrices, and for eqs (|23|) of the Higgs 
(H) field is given by $ = °$ = x(r)r 3 . The 
functions a(r),q(r),v(r),x( r ) can be computed for 
data [ °g(r), °A(r), °&(r)] . For instance, the diagonal 
Schwarzschild-de Sitter solution of (j2"Tj) - (|2"3"]l is that de- 
termined by datau(r) = ±l,a(r) = l,<p(r) = 0,q(r) = 
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1 — 2M/r— Ar 2 /3 denning a black hole configuration inside 
a cosmological horizon because q{r) = has two positive 
solutions and M < l/3y/X. 

A "prime" diagonal solution °g (j2"B"|) can be transformed 
into "target" off-diagonal metrics g= v g, °g — > v g, 

n g = rji dx l <Si dx l + io 2 [rj3((j>*)' 2 e 2( --~ -'e 3 (g}e 3 + 

m (£ )V«-°«e 4 ®e 4 ], (27) 
e 3 = dy 3 + r?i (w< + w t )dx', e 4 = dj/ 3 + Jj 4 (raj + n j )dx j , 

where the gravitational 77-polarizations r/i(x k ) , r)b(x k , y a ) 
and r]j(x k ,y a ) have to be found from the condition that 
such metrics generate solutions of (PT ]) -(|25 |) . With respect 
to N-adapted frames, the gauge fields are deformed 

A tl (x i ,y 3 )= °A fi (x 1 ) + n A^(x\y a ), (28) 

where n A fl is a function for which Fp^ = °Fp^(x l ) + 
r, F/3 fl (x l , y a ) = Sy/^Epn, for s = const and ep^ being the 
absolute antisymmetric tensor. Such a tensor always solve 
the eqs D fJi (y/]g\F fJ/ ") = 0, which always give us the possi- 
bility to determine the distortions 11 Fp^, and 71 A^, for any 
given °A^ and/or °Fp^. The scalar field is nonholonom- 
ically modified °$(x 1 ) -> ^(a;*,^ ) = *r](x i ,y a ) °^(x 1 ) 
by is such a way that D M $ = and $(x\ y a ) = ±$[ j. 
This nonholonomic configuration of the nonlinear scalar 
field is not trivial even with respect to N-adapted frames 
V(*) = and H Tp S = 0, sec 

The gauge fields with potential A^ (|2"51) modified non- 
holonomically by $ determine exact solutions for the 
YMH system (|2"2"j) and (|2U)) for spacetime metrics type 
(|27|) . The corresponding stress energy-momentum tensor 
is computed (see details in sections 3.2 and 6.51 from [13]) 
YMrpa _ _4 s 2jq^ which means that nonholonomically 
interacting gauge and Higgs fields, with respect to N- 
adapted frames, result in an effective cosmological con- 
stant S A = 8irs 2 which should be added to a respective 
sources of Einstein eqs. Using above presented construc- 
tions, we conclude that various classes of nonholonomic 
EYMH systems can be modeled, respectively, as theories 
of type W£, and ®£ using an effective cosmological 
constant A = A + s A and off-diagonal ansatz for metrics 
(|27|) when 77-polarizations are treated as additional gener- 
ating functions. Instead of such classes of equivalence of 
conjectured covariantly renormalizable theories with lo- 
cally anisotropic interactions, we can reformulate the re- 
sults in the language of F(i?)-gravity of Hofava-Lifshitz 
type [10]. The effective Lagrangian density W>C = F(R) 
can be chosen for R = R + °L, sec |HJ) , when z = 2, or 
R = R+ °L, see ([20]). when z = 2n + 2. EYMH configura- 
tions are expected to be covariantly renormalizable when 
z > 3 which may be demonstrated using arguments pre- 
sented in [7, 14] and in this paper and/or other variants of 

7 For the ansatz H27II . the Higgs eqs are (d/dx l — Ai)& = (vii + 
Hi)** + + n i )®°, (d/dy 3 - A3) * = 0, (d/dy 4 - M) $ = 0, i. e. 
a scalar field & modifies the off-diagonal components of the metric 
via W{ + u>i and ni + n i and nonholonomic conditions for = V A^. 



anisotropic renormalization. A rigorous proof is possible if 
we chose generating functions when our off-diagonal met- 
rics induce models with covariant power-counting renor- 
malization [15-17]; such constructions will be provided in 
our future works. 

Concluding Remarks. — In summary, we have used 
the possibility to decouple in very general forms the grav- 
itational field eqs in GR and construct various classes of 
exact generic off-diagonal solutions in order to elaborate 
covariant (super) renormalizable theories of gravity. We 
also briefly considered how EYMH interactions can be en- 
coded into nonholonomic Einstein manifolds and effective 
models of interactions with broken Lorcnz symmetry and 
covariant renormalization. 

We emphasize that in this work we followed an "ortho- 
dox" approach to modeling classical and quantum geome- 
tries and physical theories of interactions keeping the con- 
structions and physical paradigm to be maximally closed 
to Einstein gravity. Our opinion is that the bulk of ex- 
perimental data for modern gravity and cosmology can be 
explained/predicted using generic off-diagonal solutions 
in GR and their quantized versions. 

* * * 
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